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The noncovariant gauges in 3-form theories
Sudhaker Upadhyay∗, Manoj Kumar Dwivedi†, and Bhabani Prasad Mandal‡
Department of Physics, Banaras Hindu University, Varanasi-221005, INDIA.
We study the 3-form gauge theory in the context of generalized BRST formulation. We construct
the finite field-dependent BRST (FFBRST) symmetry for such a theory. The generating functional
for 3-form gauge theory in noncovariant gauge is obtained from that of in covariant gauge. We
further extend the results by considering 3-form gauge theory in the context of Batalin-Vilkovisky
(BV) formulation.
I. INTRODUCTION
Calculations in the gauge field theory have been
done in variety of gauges depending on the case
and convenience of the calculation. The gauge the-
ories in noncovariant gauges have been a subject
of wide research due to certain advantages in these
gauges [1–6]. In particular, the confinement prob-
lem of QCD in Coulomb gauge [4], superstring the-
ory in light-cone gauge [5] are more tractable and
the ultraviolet finiteness of supersymmetric Yang-
Mills theory are more transparent in noncovariant
gauges [6].
In this present work we would like to show how
noncovariant gauge formulation of Abelian 3-form
gauge theory can be developed by making a con-
nection of the same theory in covariant gauge. A
3-form field theory is subject of interest as a 3-
form C field arises naturally in M-theory. The
theory of multiple M2-branes has been used to
study M5-branes and a 3-form field naturally oc-
curs in this theory [7, 8]. By considering a system
of M2-branes ending on an M5-brane with a con-
stant 3-form field turned on, the Bagger-Lambert-
Gustavsson (BLG) model was used to motivate a
novel quantum geometry on the M5-brane world-
volume [9]. In particular, the action for multiple
M2-branes was studied via BLG theory [10–13].
The BRST of BLG theory has been studied re-
cently [14].
Another interesting relation between multiple
M2-branes and the M5-brane is the identification
of the BLG action (with Nambu-Poisson 3-bracket)
as the M5-brane action with a large world volume
3-form field [15]. The quantization of the higher
form gauge theories is also very important as these
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fields play the important roles in the excitations
of the quantized versions of strings, superstrings
and other extended objects [16–18]. Recently, the
BRST and BV quantizations of Abelian 3-form
gauge theory in covariant gauge have been stud-
ied extensively [19].
We show in this work how the generating func-
tional of 3-form gauge theory in covariant gauge
is related to that of in the noncovariant gauges
by using FFBRST transformation. The FFBRST
transformation of this theory is constructed by
making the infinitesimal parameter finite and field-
dependent. The FFBRST transformations are
very useful in connecting different effective theories
and hence found many applications [20–28]. Such
a generalized BRST transformation has also been
studied in the context of BV formulation [26, 29].
We consider axial gauge in this work as an exam-
ple of noncovariant gauge. However, our results are
general and are valid for any noncovariant gauge.
We further show the mapping between the gener-
ating functionals of 3-form gauge theories in co-
variant and noncovariant gauge in BV formulation
also.
The plan of the paper is as follows. We start
with a brief discussion of Abelian 3-form gauge
theory in Sec. II. The section III is devoted to gen-
eralization of BRST transformation. In Sec. IV,
we show the connection between the Abelian 3-
form gauge theories in covariant and noncovariant
gauges. The BV formulation for such a theory is
discussed in section V. The last section is reserved
for concluding remarks.
II. ABELIAN 3-FORM GAUGE THEORIES
We start with the classical action for the Abelian
3-form gauge theory [19] in (1 + 5) dimensions as
S0 =
1
24
∫
d6x HµνηχH
µνηχ, (1)
2where the field strength (curvature) tensor in terms
of totally antisymmetric tensor gauge field Bµνη is
defined as
Hµνηχ = ∂µBνηχ − ∂νBηχµ + ∂ηBχµν − ∂ξBµνη.
(2)
This Lagrangian density is invariant under the in-
finitesimal gauge transformation defined as
δBµνη = ∂µλνη + ∂νληµ + ∂ηλµν , (3)
where λµν is an arbitrary antisymmetric parame-
ter. To incorporate the BRST symmetry in this
system, we extend the action by introducing the
following covariant gauge-fixing and ghost terms
as [19]:
Sgf+gh =
∫
d6x
[
∂µB
µνηBνη +
1
2
BµνB˜
µν
+ (∂µc˜νη + ∂ν c˜ηµ + ∂η c˜µν)∂
µcνη
− (∂µβ˜ν − ∂ν β˜µ)∂
µβν −BB2
−
1
2
B21 + (∂µc˜
µν)fν − (∂µc
µν)F˜ν
+ ∂µc˜2∂
µc2 + f˜µf
µ − F˜µF
µ
+ ∂µβ
µB2 + ∂µφ
µB1 − ∂µβ˜
µB
]
, (4)
where antisymmetric ghost field cµν and antisym-
metric antighost field c˜µν are fermionic in nature
and the vector field φµ, antisymmetric auxiliary
fields Bµν , B˜µν and auxiliary fields B,B1, B2 are
bosonic in nature. Rest of the fields fµ, f˜µ, Fµ and
F˜µ are auxiliary Grassmannian fields.
The complete effective action for Abelian 3-form
gauge theory is then written as
Seff = S0 + Sgf+gh. (5)
This effective action (Seff ) is invariant under fol-
lowing BRST transformation:
δbBµνη = −(∂µcνη + ∂νcηµ + ∂ηcµν)δΛ,
δbcµν = (∂µβν − ∂νβµ)δΛ, δbc˜µν = BµνδΛ,
δbB˜µν = −(∂µfν − ∂νfµ)δΛ, δbβ˜µ = −F˜µδΛ,
δbβµ = −∂µc2δΛ, δbFµ = −∂µBδΛ,
δbc˜2 = B2δΛ, δbf˜µ = ∂µB1δΛ,
δbc1 = −BδΛ, δbφµ = −fµδΛ,
δbc˜1 = B1δΛ, δbM = 0,
M ≡ {c2, fµ, F˜µ, B,B1, B2, Bµν}, (6)
where δΛ is infinitesimal, anticommuting and
global parameter. The gauge-fixing and ghost part
of the effective action, Sgf+gh, is separately BRST
invariant and is written in terms of BRST variation
of the gauge-fixed fermion (ΨL) as
Sgf+gh = sbΨL = sb
∫
d6x[−∂µc˜νηB
µνη −
1
2
c˜2B
+
1
2
c1B2 −
1
2
c˜1B1 − c
µν∂µβ˜ν − ∂µc˜2β
µ
+
1
2
c˜µνB˜
µν − Fµβ˜µ − f˜
µφµ], (7)
where the expression for ΨL is given as
ΨL =
∫
d6x ψL =
∫
d6x[−∂µc˜νηB
µνη −
1
2
c˜2B
+
1
2
c1B2 −
1
2
c˜1B1 − c
µν∂µβ˜ν − ∂µc˜2β
µ
+
1
2
c˜µνB˜
µν − Fµβ˜µ − f˜
µφµ]. (8)
The generating functional for such a theory is
defined in the path integral formulation as,
Zeff =
∫
Dφ eiSeff , (9)
where Dφ is the path integral measure which in-
cludes all the fields φ, generically.
III. GENERALIZED BRST
FORMULATION OF ABELIAN 3-FORM
GAUGE THEORY
The properties of the usual BRST transforma-
tion in Eq. (6) do not depend on whether the pa-
rameter δΛ is (i) finite or infinitesimal, (ii) field-
dependent or not, as long as it is anticommuting
and space-time independent. These observations
give us a freedom to generalize the BRST trans-
formation by making the parameter, δΛ finite and
field-dependent without affecting its properties.
Such generalized BRST transformation is known
as finite field-dependent BRST (FFBRST) trans-
formation [20]. To generalize the BRST transfor-
mation we start by making the infinitesimal pa-
rameter field-dependent with introduction of an
arbitrary parameter κ (0 ≤ κ ≤ 1). We allow
the fields, φ(x, κ), to depend on κ in such a way
that φ(x, κ = 0) = φ(x) and φ(x, κ = 1) = φ′(x),
the transformed field.
The usual infinitesimal BRST transformation,
thus can be written generically as
dφ(x, κ) = sb[φ(x, κ)]Θ
′[φ(x, κ)]dκ (10)
3where the Θ′[φ(x, κ)]dκ is the infinitesimal but
field-dependent parameter. The FFBRST trans-
formation with the finite field-dependent param-
eter then can be constructed by integrating such
infinitesimal transformation from κ = 0 to κ = 1,
to obtain
φ′ ≡ φ(x, κ = 1) = φ(x, κ = 0) + sb[φ(x)]Θ[φ(x)]
(11)
where
Θ[φ(x)] =
∫ 1
0
dκ′Θ′[φ(x, κ′)], (12)
is the finite field-dependent parameter [20].
The FFBRST transformation is constructed in
this case as follows:
δbBµνη = −(∂µcνη + ∂νcηµ + ∂ηcµν)Θ[φ],
δbcµν = (∂µβν − ∂νβµ)Θ[φ],
δbc˜µν = BµνΘ[φ], δbβ˜µ = −F˜µΘ[φ],
δbB˜µν = −(∂µfν − ∂νfµ)Θ[φ],
δbβµ = −∂µc2Θ[φ], δbFµ = −∂µBΘ[φ],
δbc˜2 = B2Θ[φ], δbf˜µ = ∂µB1Θ[φ],
δbc1 = −BΘ[φ], δbφµ = −fµΘ[φ],
δbc˜1 = B1Θ[φ], δb̟ = 0,
̟ ≡ [c2, fµ, F˜µ, B,B1, B2, Bµν ], (13)
Such an off-shell nilpotent BRST transformation
with finite field-dependent parameter is the sym-
metry of the effective action in Eq. (5). However,
the path integral measure in Eq. (9) is not in-
variant under such transformation as the BRST
parameter is finite in nature.
The Jacobian of the path integral measure for
such transformations is then evaluated for some
particular choices of the finite field-dependent pa-
rameter, Θ[φ(x)], as
Dφ′ = J(κ)Dφ(κ). (14)
The Jacobian, J(κ) can be replaced (within the
functional integral) as
J(κ)→ exp[iS1[φ(x, κ)]] (15)
iff the following condition is satisfied [20]
∫
Dφ(x)
[
1
J
dJ
dκ
− i
dS1[φ(x, κ)]
dκ
]
×
exp [i(Seff + S1)] = 0 (16)
where S1[φ] is local functional of fields.
The infinitesimal change in the J(κ) is written
as
1
J
dJ
dκ
= −
∫
d6y
[
±δbφ(y, κ)
∂Θ′[φ(y, κ)]
∂φ(y, κ)
]
, (17)
where ± sign refers to whether φ is a bosonic or a
fermionic field.
By constructing appropriate Θ, we can change
S1 in such a manner that Seff +S1 becomes a new
effective action.
IV. 3-FORM GAUGE THEORY IN
NONCOVARIANT GAUGE
To obtain the generating functional for 3-form
gauge theory in noncovariant gauge we construct
the infinitesimal field-dependent parameter as
Θ′ = iγ
∫
d6y[−c˜νη∂µB
µνη + c˜νηηµB
µνη
+ cµν∂
µβ˜ν − cµνη
µβ˜ν − c˜2∂µβ
µ
+ c˜2ηµβ
µ], (18)
where γ is an arbitrary constant parameter.
Using Eq. (17), we calculate the infinitesimal
change in Jacobian of functional integral as
1
J
dJ
dκ
= −iγ
∫
d6y [Bνη∂µB
µνη −BνηηµB
µνη
+ ∂µ(∂µcνη + ∂νcηµ + ∂ηcµν)c˜
νη
− ηµ(∂µcνη + ∂νcηµ + ∂ηcµν)c˜
νη
− (∂µβ˜ν − ∂ν β˜µ)∂
µβν + cµν∂
µF˜ ν
+ (ηµβ˜ν − ην β˜µ)∂
µβν − cµνη
µF˜ ν
+ B2∂µβ
µ −B2ηµβ
µ − c˜2∂µ∂
µc2
+ c˜2ηµ∂
µc2] . (19)
The Jacobian J can be written as eiS1 when the
condition (16) is satisfied. We make the following
ansatz for functional S1 in this case:
S1 =
∫
d6x[ξ1(κ)Bνη∂µB
µνη + ξ2(κ)BνηηµB
µνη
+ ξ3(κ)∂
µ(∂µcνη + ∂νcηµ + ∂ηcµν)c˜
νη
+ ξ4(κ)η
µ(∂µcνη + ∂νcηµ + ∂ηcµν)c˜
νη
+ ξ5(κ)(∂µβ˜ν − ∂ν β˜µ)∂
µβν
+ ξ6(κ)(ηµβ˜ν − ην β˜µ)∂
µβν
+ ξ7(κ)cµν∂
µF˜ ν + ξ8(κ)cµνη
µF˜ ν
+ ξ9(κ)B2∂µβ
µ + ξ10(κ)B2ηµβ
µ
+ ξ11(κ)c˜2∂µ∂
µc2 + ξ12(κ)c˜2ηµ∂
µc2]. (20)
4Now, the condition (16) yields
∫
Dφ(x) [(ξ′1 + γ)Bνη∂µB
µνη
+ (ξ′2 − γ)BνηηµB
µνη
+ (ξ′3 + γ)∂
µ(∂µcνη + ∂νcηµ + ∂ηcµν)c˜
νη
+ (ξ′4 − γ)η
µ(∂µcνη + ∂νcηµ + ∂ηcµν)c˜
νη
+ (ξ′5 − γ)(∂µβ˜ν − ∂ν β˜µ)∂
µβν
+ (ξ′6 + γ)(ηµβ˜ν − ην β˜µ)∂
µβν
+ (ξ′7 + γ)cµν∂
µF˜ ν + (ξ′8 − γ)cµνη
µF˜ ν
+ (ξ′9 + γ)B2∂µβ
µ + (ξ′10 − γ)B2ηµβ
µ
+ (ξ′11 − γ)c˜2∂µ∂
µc2 + (ξ
′
12 + γ)c˜2ηµ∂
µc2
− βνη∂µ(∂
µcνη + ∂νcηµ + ∂ηcµν)Θ′(ξ1 − ξ3)
− βνηηµ(∂
µcνη + ∂νcηµ + ∂ηcµν)Θ′(ξ2 − ξ4)
− (∂µF˜ν − ∂νF˜µ)∂
µβνΘ′(ξ5 + ξ7)
− (ηµF˜ν − ηνF˜µ)∂
µβνΘ′(ξ6 + ξ8)
− B2∂µ∂
µc2Θ
′(ξ9 + ξ11)
− B2ηµ∂
µc2Θ
′(ξ10 + ξ12)] = 0. (21)
The nonlocal (Θ′ dependent) terms will vanish if
the following conditions are satisfied:
ξ1 − ξ3 = ξ2 − ξ4 = ξ5 + ξ7 =
ξ6 + ξ8 = ξ9 + ξ11 = ξ10 + ξ12 = 0. (22)
Equating the L.H.S. and R.H.S. of the Eq. (21) we
get the following differential equations:
ξ′1 + γ = 0, ξ
′
2 − γ = 0,
ξ′3 + γ = 0, ξ
′
4 − γ = 0,
ξ′5 − γ = 0, ξ
′
6 + γ = 0,
ξ′7 + γ = 0, ξ
′
8 − γ = 0,
ξ′9 + γ = 0, ξ
′
10 − γ = 0,
ξ′11 − γ = 0, ξ
′
12 + γ = 0. (23)
The solutions of the above differential equations
satisfying the initial conditions, i.e. ξi(κ = 0) =
0 (i = 1, 2, ..., 12), are
ξ1 = −γκ, ξ2 = γκ, ξ3 = −γκ,
ξ4 = γκ, ξ5 = γκ, ξ6 = −γκ,
ξ7 = −γκ, ξ8 = γκ, ξ9 = −γκ,
ξ10 = γκ, ξ11 = γκ, ξ12 = −γκ. (24)
Plugging back these values, the expression of S1
given in Eq. (20) becomes
S1 =
∫
d6x[−γκBνη∂µB
µνη + γκBνηηµB
µνη
− γκ∂µ(∂µcνη + ∂νcηµ + ∂ηcµν)c˜
νη
+ γκηµ(∂µcνη + ∂νcηµ + ∂ηcµν)c˜
νη
+ γκ(∂µβ˜ν − ∂ν β˜µ)∂
µβν
− γκ(ηµβ˜ν − ην β˜µ)∂
µβν
− γκcµν∂
µF˜ ν + γκcµνη
µF˜ ν
− γκB2∂µβ
µ + γκB2ηµβ
µ
+ γκc˜2∂µ∂
µc2 − γκc˜2ηµ∂
µc2]. (25)
We consider the arbitrary constant γ = 1 in the
above expression without any loss of generality and
by adding the expression (25) at κ = 1 to the ef-
fective action for 3-form gauge theory in covariant
gauge, we get
Seff + S1(κ = 1) =
∫
d6x
[
1
24
HµνηχH
µνηχ
+ ηµB
µνηBνη +
1
2
BµνB˜
µν
+ (∂µc˜νη + ∂ν c˜ηµ + ∂η c˜µν)η
µcνη
− (ηµβ˜ν − ην β˜µ)∂
µβν −BB2
−
1
2
B21 + (∂µc˜
µν)fν + cµνη
µF˜ ν
− c˜2ηµ∂
µc2 + f˜µf
µ − F˜µF
µ
+ ηµβ
µB2 + ∂µφ
µB1 − ∂µβ˜
µB
]
. (26)
This is nothing but the 3-form effective action in
noncovariant gauge.
We end this this section by making the com-
ment that the noncovariant gauge formulation of
3-form gauge theory is obtained from covariant
gauge formulation of the same through a FFBRST
transformation with appropriate finite field depen-
dent parameter. Even though we have established
the connection between generating functionals in
Lorentz (covariant) gauge and in axial (noncovari-
ant) gauge our formulation is valid for the connec-
tion between generating functionals in any covari-
ant and in any noncovariant gauges.
V. MAPPING OF COVARIANT AND
NONCOVARIANT GAUGES IN 3-FORM
GAUGE THEORY: BV FORMULATION
In this section, we consider the BV formulation
for Abelian 3-form gauge theory to reestablish the
results of the previous section. For this purpose
we express the generating functional in Eq. (9) in
field/antifield formulation by introducing the anti-
field φ⋆ corresponding to each generic field φ with
5opposite statistics, as
Zeff =
∫
Dφ exp
[
i
∫
d6x
{
1
24
FµνηχF
µνηχ
− B⋆µνη(∂
µcνη + ∂νcηµ + ∂ηcµν)
+ c⋆µν(∂
µβν − ∂νβµ) + c˜⋆µνB
µν
− B˜⋆µν(∂
µfν − ∂νfµ)− β⋆µ∂
µc2 − β˜
⋆
µF˜
µ
− F ⋆µ∂
µB + f˜⋆µ∂
µB1 + c˜
⋆
2B2 + c˜
⋆
1B1
− c⋆1B − φ
⋆
µf
µ
}]
. (27)
This further can be written in compact form as
Zeff =
∫
Dφ eiWΨL (φ,φ
⋆), (28)
where WΨL(φ, φ
⋆) is an extended action for
Abelian 3-form gauge theory in the covariant gauge
corresponding to the gauge-fixed fermion ΨL (Eq.
(8)) having Grassmann parity 1 and ghost number
−1.
The generating functional Zeff does not depend
on the choice of gauge-fixed fermion [30]. This
extended quantum action, WΨL(φ, φ
⋆), satisfies
certain rich mathematical relation which is called
quantum master equation [31] and is given by
∆eiWΨL [φ,φ
⋆] = 0, ∆ ≡
∂r
∂φ
∂r
∂φ⋆
(−1)ǫ+1. (29)
The antifields φ⋆(= dψL
dφ
) corresponding to the
each generic field φ for this particular theory are
obtained from the gauge-fixed fermion as
B⋆µνη = −∂µc˜νη, c
⋆
µν = −∂µβ˜ν , B˜
⋆
µν =
1
2
c˜µν ,
c˜⋆µν =
1
2
B˜µν + ∂
ηBµνη, β
⋆
µ = −∂µc˜2,
β˜⋆µ = −Fµ + ∂
νcνµ, Fµ⋆ = −β˜µ, f˜
⋆
µ = −φµ,
c˜⋆2 = −
1
2
B + ∂µβ
µ, c⋆1 =
1
2
B2, c˜
⋆
1 = −
1
2
B1,
φ⋆µ = −f˜µ, B
⋆ = −
1
2
c˜2, B
⋆
1 = −
1
2
c˜1,
B⋆2 =
1
2
c1, {B
⋆
µν , F˜
⋆
µ , f
⋆
µ, c
⋆
2} = 0. (30)
Now, we construct the field-dependent parame-
ter written in field/antifield formulation as
Θ′ = iγ
∫
d6y[−B⋆µνηB
µνη + B¯⋆µνηB
µνη
− c⋆µνc
µν + c¯⋆µνc
µν − β⋆µβ
µ + β¯⋆µβ
µ], (31)
where bar fields are the antifields corresponding
to the fields satisfying axial (noncovariant) gauge-
fixing condition. Under the FFBRST transforma-
tion with such field dependent parameter, the path
integral measure is not invariant and give rise to a
factor which is written as eiS1 , and the expression
for functional S1 is calculated using Eqs. (16), (17)
and (31) as
S1 =
∫
d6x[κB⋆µνη(∂
µcνη + ∂νcηµ + ∂ηcµν)
− κB¯⋆µνη(∂
µcνη + ∂νcηµ + ∂ηcµν)
− κc⋆µν(∂
µβν − ∂νβµ) + κc¯⋆µν(∂
µβν
− ∂νβµ)− κc˜⋆µνB
µν + κ¯˜c
⋆
µνB
µν
+ κB˜⋆µν(∂
µfν − ∂νfµ)− κ ¯˜B
⋆
µν(∂
µfν
− ∂νfµ) + κβ⋆µ∂
µc2 − κβ¯
⋆
µ∂
µc2 + κβ˜
⋆
µF˜
µ
− κ¯˜β
⋆
µF˜
µ + κF ⋆µ∂
µB − κF¯ ⋆µ∂
µB
− κf˜⋆µ∂
µB1 + κ
¯˜
f
⋆
µ∂
µB1 − κc˜
⋆
2B2
+ κ¯˜c
⋆
2B2 − κc˜
⋆
1B1 + κ¯˜c
⋆
1B1 + κc
⋆
1B
− κc¯⋆1B + κφ
⋆
µf
µ − κφ¯⋆µf
µ]. (32)
The transformed generating functional in BV for-
mulation is given by
Z ′eff =
∫
Dφ ei{WΨL+S1(κ=1)},
≡
∫
Dφ eiWΨA . (33)
Z ′eff is the generating functional for Abelian 3-
form gauge theory in the axial gauge with gauge-
fixing fermion
ΨA =
∫
d6x
[
−ηµc˜νηB
µνη −
1
2
c˜2B +
1
2
c1B2
−
1
2
c˜1B1 − c
µνηµβ˜ν − ηµc˜2β
µ +
1
2
c˜µνB˜
µν
− Fµβ˜µ − f˜
µφµ
]
. (34)
The extended action WΨA for 3-form gauge theory
in axial gauge also satisfies the quantum master
equation (29). This result is also true for the con-
nection of generating functionals in any covariant
and noncovariant gauges in BV formulation.
VI. CONCLUSIONS
The 3-form gauge theory in noncovariant gauge
has been developed with the help of the finite field
6dependent BRST transformation. Usual BRST
transformations have been generalized to the case
of Abelian 3-form gauge theory in covariant gauge.
The generating functional for this theory is shown
to be connected to that of in the noncovariant
(axial) gauge through FFBRST transformation.
We established this connection by constructing ap-
propriate finite field dependent BRST parameter.
However, the various noncovariant gauges like the
Coulomb gauge, the light-cone gauge, the planer
gauge and the temporal gauge can also be stud-
ied under such formulation. Thus, our formulation
enables to study the 3-form gauge theory in non-
covariant gauges by this connection. We further
extend these results in the context of BV formula-
tion. It will be interesting to see how the different
Green functions are related in different gauges for
this theory. Further analysis of FFBRST transfor-
mation of quantum gravity, BLG theory, ABJM
theory and higher derivative field theory will be
subject of interest.
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